Abstract. In this paper, we show that gg ⊂ g if g is a pseudo-Riemannian Lie algebra with C(g) = 0. Then we show that gg ⊂ g when dim g = 4, which leads to the classification of the pseudo-Riemannian Lie algebras in dimension 4.
Introduction
Furthermore, g is called a Riemann-Lie algebra if (, ) is positive definite. The notion of pseudo-Riemannian Lie algebras was introduced by M. Boucetta in [1] . They are strongly related to pseudo-Riemannian Poisson manifolds [2] . A pseudo-Riemannian Poisson manifold is a Poisson manifold (P, π) endowed with a pseudo-Riemannian metric (, ) such that the couple (π, (, )) is compatible in the sense that the Poisson tensor π is parallel with respect to the Levi-Civita contravariant connection associated to (π, (, )). The notion of pseudo-Riemannian Lie algebra appeared when one looked for the pseudo-Riemannian metrics compatible with the canonical Poisson structure on the dual of a Lie algebra. Indeed, the dual space g * of a Lie algebra g carries a Riemannian metric compatible with the linear Poisson structure if and only if the Lie algebra g carries a structure of pseudo-Riemannian Lie algebra. For more details see [1, 2, 6, 9] .
Moreover in [3] , Boucetta has shown that the Lie algebra of a Lie group G carries a structure of Riemann-Lie algebra if and only if G carries a flat left invariant Riemannian metric. There are many studies about the geometric structures on a Lie group G with a left invariant Riemannian metric g. For example, Milnor [8] considered the left invariant Riemannian connection ∇ associated to g and gave a detailed structure theory on the flat metrics.
In this paper, we consider the problem of the classification of pseudo-Riemannian Lie algebras in dimension 4. We show first that if g is a pseudo-Riemannian Lie algebra with C(g) = 0, then gg ⊂ g. On the other hand, we show that gg ⊂ g if g is a 4-dimensional pseudo-Riemannian Lie algebra. The proof is based on a result of [5] (a pseudo-Riemannian Lie algebra must be solvable) and the classification of solvable 4-dimensional Lie algebras [4] . Finally, the classification of 4-dimensional pseudo-Riemannian Lie algebras is deduced by a direct computation.
Basic facts on pseudo-Riemannian Lie algebras
In this section, we will list some definitions and lemmas on pseudo-Riemannian Lie algebras. Let g be a pseudo-Riemannian Lie algebra and let C(g) = {a ∈ g | ax = xa, for any x ∈ g} be the center of g. Then we have It follows that (xy, z) = 0 for any z ∈ g. Thus xy = 0.
Lemma 2.4. For any x, y
Proof. For any x, y ∈ g, z ∈ C(g),
So yz, zy ∈ C(g) ⊥ . Thus we have
Let gg = {xy | x, y ∈ g} and let Z R (g) = {x ∈ g | yx = 0, for any y ∈ g}. Then we have Lemma 2.6. gg is an ideal of g and (gg)
Proof. The first assertion is trivial. For the second one, for any
3. Pseudo-Riemannian Lie algebras g with gg ⊂ g Theorem 3.1. Let g be a pseudo-Riemannian Lie algebra with C(g) = 0. Then gg ⊂ g.
Proof. By Lemma 2.1, g is solvable. Then there exists a positive integer m such that g (m) = 0. Let n be the minimal m such that g (m) = 0. Namely
For any x, y ∈ g,
Assume that g = gg. In terms of Lemma 2.4, we have
. Thus by Lemma 2.5,
,
which implies that
.
By induction, we must have
Since
In the following, we will show that gg ⊂ g when g is a pseudo-Riemannian Lie algebra in dimension 4. To do this, we need to extend the real number field to the complex number field.
Let g C be a Lie algebra in dimension 4 over the complex number field with a bilinear product satisfying the identities (1.1) and (1.2) and a non-degenerate symmetric bilinear form satisfying the identity (1.3). By Lemma 2.1, g C is solvable.
Thus (y, y) = 0. Then there exists x ∈ [g C , g C ] such that (x, y) = (x, x) = 0 and (x, z) = 1. Since (dy, z) = −(y, dz) = 0, we have that dy ∈ y, z . But (dy, y) = 0 so dy ∈ z . This contradicts the fact that dim[g C , g C ] = 3.
⊥ is an ideal), we have that 
Based on the classification of 4-dimensional complex Lie algebras [4] , the solvable Lie algebra g with C(g) = 0 such that dim[g, g] ≤ 2 must be one of the following two cases: 
Proof. It is clear that g C = x, y ⊕ z, w , where x, y and z, w are Lie-ideals. For any t 1 , t 2 ∈ x, y and s 1 ∈ z, w ,
It follows that t 1 t 2 ∈ x, y and s 1 t 2 ∈ z, w . For any s 2 ∈ z, w , Assume that g C = g C g C . Thus Z R (g C ) = 0. Then x, y and z, w are nondegenerate. In fact, let s ∈ x, y satisfy (s, t) = 0 for any t ∈ x, y . Then there exists t 1 ∈ x, y such that t 1 s = 0 since Z R (g C ) = 0. By the non-degeneracy of ( , ), there exists t 2 ∈ g C such that (t 1 s, t 2 ) = 0. It follows that (s, t 1 t 2 ) = 0. Thus we have s = 0 by the choice of s. That is, x, y is non-degenerate. Similarly, z, w is non-degenerate. It is easy to see that s 1 s 2 = 0 and t 1 t 2 = 0 for any s 1 , s 2 ∈ x, y and t 1 t 2 ∈ z, w . Then g C g C = 0. This contradicts the assumption. Therefore we
Proof. Clearly, g C is solvable and Theorem 3.1 holds for g C . Thus this theorem follows from Proposition 3.2 and Theorems 3.3, 3.4 and 3.5 based on the classification of 4-dimensional complex Lie algebras [4] . 
Proof.
Assume that gg = g. The complexification g C of g is a complex Lie algebra in dimension 4 with a bilinear product satisfying the identities (1.1) and (1.2) and a non-degenerate symmetric bilinear form satisfying the identity (1.3). By Theorem 3.6, g C g C ⊂ g C . This contradicts the assumption. Therefore gg ⊂ g.
The classification in dimension 4
Let g be a pseudo-Riemannian Lie algebra of dimension 4. By Corollary 3.7 and Lemma 2.6, we know that dim Z R (g) = dim(gg) ⊥ > 0.
Z R (g) is isotropic.
That is, (x, y) = 0 for any x, y ∈ Z R (g). Then Z R (g) ⊆ Z R (g) ⊥ = gg. It follows that dim Z R (g) = 1 or dim Z R (g) = 2 since dim Z R (g) + dim gg = 4. If the conjecture holds, in theory, we could give the classification of pseudoRiemannian Lie algebras in higher dimensions by the method given in Section 4. Also there are some difficulties in detailed calculation.
